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This note contains first a result on extending positive definite operators, 
then an application of a special case to a stability question in control 
theory. 
THEOREM 1. Let A be an m x m matrix and B an m x n matrix. Then 
an n x m matrix Z and an n x n matrix X exist such that 
A B 
[ 1 ZX 
is positive definite if and only if A is positive definite. 
Proof. The condition is obviously necessary. Assume A is positive 
definite. Obviously we must take 2’ = B*, so it remains to find X. Write 
X = B*A-‘B + Y, where Y is self-adjoint. Then for u an m-vector and 
v an n-vector, we have 
[U, VI 
[ 
A B U* 
B* B*A-1B + Y Ii I v* 
= uAu* + uBv* + vB*u* + vB*A-lBv* + vYv* 
= (u + vB*A-l)A(u + vB*A-I)* + vYv*. 
Evidently, this expression is strictly positive for all (u, v) # (0, 0) if 
and only if Y is positive definite. Consequently the required matrices are 
Z = B* and X = B*A-lB + P, where P is any positive definite n x n 
matrix. 
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REMARK. The theorem can also be proved by starting with the 
calculation 
[i -y”l’[;* :I[: --“i-j= [-: _,*A:l,.,$. 
COROLLARY 1. Let H be a finite dimensional Hilbert space, M a proper 
subspace, and P the orthogonal projection operator of H onto M. Let C : M + H 
be a linear transformation. Then there exists a positive definite A : H - H 
such that Al, = C if and only if PC is positive definite. 
This is merely a translation of Theorem 1 into vector space language. 
COROLLARY 2. Let v # 0 and w be vectors in H. Then there is a positive 
definite A : H -+ H such that Av = w if and only if v * w > 0. 
Proof. Simply let M be the one-dimensional subspace generated by 
V. 
This corollary can be applied in control theory to the following example. 
Consider the system of differential equations 
i = Ax + f(o)b 
9 = f(4d 
0 = c’x + 2e’y - rf(o), (1) 
where A is an n x n matrix with all its characteristic roots in the left 
half-plane, b, c, d, e are constant row vectors, Y is a constant, x(t) and y(t) 
are vector functions, and a(t) and f(a) are scalar functions. Here 
b, c, x(t) E En; d, e, y(t) E ED. 
Assume that the characteristic function f(o) satisfies 
*m 
f(0) = 0, af(0) > 0 for 0 # 0, 
i 
f(o)do= +co. 
0 
The prime (‘) always denotes transpose. 
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Finally assume the fundamental control inequality is satisfied: 
For a suitable positive definite n x n matrix C, the solution B of 
A’B+BA = -_c (2) 
satisfies 
Y > (Bb + $c)‘C-l(Bb + +c). (3) 
The matrix B is necessarily positive definite. 
The equilibrium points of (1) form the set 
H = {(x, y, a)lx = 0, e'y = 0, u = O}. 
To determine the asymptotic behaviour of a solution of Eq. (l), we 
construct a Liapunov function V(x, y, u) of Lur’ye type: 
V(x, y, a) = Y'MY + x’Bx + f(s) as, (4) 
0 
with M a suitably chosen positive definite p x p matrix. 
We have V > 0 for all (x, y, o) # 0. The positive definiteness of M 
and B and the divergence of the integral assure us that all solutions are 
bounded for t > 0. Now 
v = d”t Ux(4, y(t), 441 
= [- X’CX - rf2(o) + Zf(a)(Bb + &c)‘x] + [2(Md + e)‘yf(o)]. 
By Eqs. (2) and (3), the first term is non-positive. Suppose we can find a 
positive definite M such that Md + e = 0. Then v < 0. 
Let E be the set where P = 0. Then 
E = {(x, y, a)lx = 0, u = 0}, 
and H is the maximal invariant set contained in E. By Theorem VIII 
of [I, p. 661 and Corollary 2 we draw the following conclusion. 
THEOREM 2. St.@pose d’e < 0. Then all solutions of Eq. (1) approach 
Hast -co. 
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